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 Data and formulation of the mathematical problem 

 

 Hypotheses testing and probability of rare events for 

time series: outliers and extreme values. 

 

 Methods and models:   

 Vector dynamical (ARDL) models, vector arima models 

 functional data modelling with time series coefficient 

functions of orthonormal function expansions 



Hierarchical time series data structure 
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The mathematical problem 
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Notation 𝑦(𝑡, 𝑥):  
- the log of the observed mortality or fertility rate for age 𝑥 and year 𝑡 

- migration components by age, at time 𝑡 

- a vector of several/all migration components (𝑦1, 𝑦2, … ) 

 

Observations {𝑡𝑖 , 𝑥𝑎, ; 𝑦𝑖𝑎} 
𝑖 = 1, . . . , 𝑁 (years)  and 𝑎 = 𝑀0, . . . , 𝑀 (ages), 

at discrete points (𝑡𝑖 , 𝑥𝑎) of a two-dimensional domain 

 

Predictions  𝑦(𝑡𝑖 , 𝑥𝑎)  with prediction intervals/densities 
for same set of age values and for years 𝑡𝑖 (𝑖 = 𝑁 + 1, . . . , 𝑁 + ℎ),  
where ℎ = the length of the forecasting horizon 

 

 

 

 

 



Principles 
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- joint modeling the (non-stationary) vector time series data 

(and its autocorrelations) so that the residuals are 

independently, identically and preferably normally 

distributed 

- using (multiple) hypotheses testing (ergodicity, 

stationarity, outliers) 

- scale independence 

- data exchangeability when needed 

- explaining and predicting  

- data models depending on goal 

- 𝑔(𝑥, 𝑦) = 0  𝑦 = 𝑓(𝑥) when it exists! 
 

 



Outliers and extreme values 
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- Outlier 

small probability of being generated by the same statistical 
distribution / stochastic process as the other observations 
in the data set 

-  Time scales of outlier effects in time series data 

- Extreme value 

observation with low probability of occurence but generated 
from the same statistical distribution / stochastic process as 
the other observations in the data set 

- Predicting extreme values occurrence for time series 
data 

 



Example: Outliers and extreme values in 

migration data 
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Net migration rate 
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Model 𝑓(𝑡, 𝑥) types 
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 a model 𝑓(𝑡, 𝑥) of time and age dependent rates (trick:  which can 

be written as an expansion with time-series coefficient functions 

which are independent by construction)* 

 a multivariate model  (𝑓𝑥𝑀0 𝑡 , … , 𝑓𝑥𝑀 𝑡 ) of time dependent rates 

 a multivariate model  (𝑓𝑡1 𝑥 ,… , 𝑓𝑡𝑁 𝑥 ) of age dependent rates 

 a (multivariate-) model 𝑓(𝑡)  for  𝑓(𝑡, 𝑥)𝑥  of time dependent 

(vector of-) rates for the sums over all ages (trick: when age 

distribution stable in time, disaggregation is possible) as functions 

of exogenous variables 𝑍1, …and their lags.* 

 a multivariate model of „everything“ (𝑓1, 𝑓2, … , 𝑍1, …) as functions 

of (𝒕, 𝒙)  

 

 



Models for fertility and mortality rates 
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Functional data approach – Hyndman et al (2007, 2008) 

 

 𝑦𝑖𝑎 = µ(𝑥𝑎) + 𝑓0(𝑡𝑖 , 𝑥𝑎) + e𝑡𝑖(x𝑎)  + α𝑡𝑖 x𝑎 ε𝑡𝑖,𝑥𝑎 

 µ(𝑥) - the mean of 𝑓0(𝑡, 𝑥) across time (years) 

 e𝑡(x) is the residual modelling error (assumed serially 

uncorrelated) 

 the coefficient functions 𝛽𝑘(𝑡) of the expansion 

𝑓0(𝑡, 𝑥)= 𝛽𝑘(𝑡)𝜑𝑘𝑘=1,…𝐾  (𝑥) are independent (by 

construction) 

 ε𝑡,𝑥 - the random variation in birth or death rates  

 α𝑡 x  allow the variance to change with age and time. 

 

 



Fertility 
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Raw data example and why extreme values 

matter 
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Smooth age-time mortality surface 
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Mortality rates 
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Mortality rates 
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Residuals of mortality model 
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Functions of mortality model - men 
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Functions of mortality model - women 
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Migration models 
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Vector ARDL for short term and vector ARIMA for long term, i.e. (S)VAR 
 

Vector ARDL models 𝑦(𝑡)~𝑦 𝑡𝑘 + 𝑥(𝑡𝑝)  

 on components: 𝑦𝑖 𝑡 =   𝑎𝑘𝑦𝑘 𝑡𝑘 +  𝑏𝑝𝑥𝑝 (𝑡𝑝)  + 𝜀(𝑡) 
  

 𝑦1~𝐼𝑚𝐼𝑐𝑒𝑀 𝑡  ~𝐼𝑚𝐼𝑐𝑒𝑀(𝑡 − 1)  +  𝑈𝑛𝐸𝑚𝑝𝑙(𝑡) + 𝑈𝑛𝐸𝑚𝑝𝑙(𝑡 − 1)  +  𝐸𝑚𝐼𝑐𝑒𝑀(𝑡 − 1) 

 𝑦2~𝐸𝑚𝐼𝑐𝑒𝑀 𝑡  ~ 𝐸𝑚𝐼𝑐𝑒𝑀 𝑡 − 1  +  𝐸𝑚𝐼𝑐𝑒𝑀 𝑡 − 2 +  𝐺𝑟𝑎𝑑𝑀 𝑡 − 2 + 𝐸𝑚𝐼𝑐𝑒𝑊(𝑡) 

 𝑦3~𝐼𝑚𝐼𝑐𝑒𝑊(𝑡) ~ 𝐼𝑚𝐼𝑐𝑒𝑊(𝑡 − 1)  +  𝑈𝑛𝐸𝑚𝑝𝑙(𝑡)  +  𝐺𝐷𝑃(𝑡)  +  𝑈𝑛𝐸𝑚𝑝𝑙(𝑡 − 1)  +
 𝐺𝐷𝑃(𝑡 − 1) 

 𝑦4~𝐸𝑚𝐼𝑐𝑒𝑊(𝑡) ~𝐸𝑚𝐼𝑐𝑒𝑊(𝑡 − 1)  +  𝐸𝑚𝐼𝑐𝑒𝑊(𝑡 − 2)  +  𝐺𝑟𝑎𝑑𝑊(𝑡 − 2) 

 𝑦7~𝐼𝑚𝐹𝑜𝑟𝑊 𝑡 ~  𝐼𝑚𝐹𝑜𝑟𝑊 𝑡 − 1 +  𝑈𝑛𝐸𝑚𝑝𝑙 𝑡 +  𝐺𝐷𝑃 𝑡 +  𝑏𝑜𝑜𝑚 𝑡 +  𝑒𝑒𝑎 𝑡  

          + 𝑈𝑛𝐸𝑚𝑝𝑙(𝑡 − 1)  +  𝐺𝐷𝑃(𝑡 − 1) 

 𝑦8~𝐸𝑚𝐹𝑜𝑟𝑊(𝑡) ~ 𝐸𝑚𝐹𝑜𝑟𝑊(𝑡 − 1)  +  𝐼𝑚𝐹𝑜𝑟𝑊(𝑡)  +  𝐼𝑚𝐹𝑜𝑟𝑊(𝑡 − 1) +  𝑈𝑛𝐸𝑚𝑝𝑙(𝑡)  +
 𝐺𝐷𝑃(𝑡)  +  𝑈𝑛𝐸𝑚𝑝𝑙(𝑡 − 1)  +  𝐺𝐷𝑃(𝑡 − 1) 

  𝑦𝑛𝑒𝑡 𝑡  ~𝑦𝑛𝑒𝑡 𝑡 − 1 + 𝑦𝑛𝑒𝑡 𝑡 − 2 +  𝑈𝑛𝐸𝑚𝑝𝑙 𝑡 + 𝐺𝐷𝑃 𝑡 + 𝐺𝐷𝑃 𝑡 − 1 + 
𝑈𝑛𝐸𝑚𝑝𝑙 𝑡 − 1 + 𝐺𝐷𝑃 𝑡 − 2 +  𝑈𝑛𝐸𝑚𝑝𝑙 𝑡 − 2 + 𝐺𝑟𝑎𝑑𝑀 𝑡 − 2 + 𝐺𝑟𝑎𝑑𝐹 𝑡 − 2 +  

𝑏𝑜𝑜𝑚 +  𝑏𝑎𝑚 + 𝑏𝑜𝑜𝑚(𝑡 − 1) +  𝑏𝑎𝑚(𝑡 − 1) 



Factors 

20 



Migration rate components 
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Migration components modeled 
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Long term migration 
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